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ABSTRACT 
A macroscop ic  n o n i n t e r a c t i v e  r e l i a b i l i t y  model for  
ceramic  m a t r i x  composi tes i s  p resented .  The model i s  
m u l t i a x i a l  and a p p l i c a b l e  t o  composi tes t h a t  can be 
c h a r a c t e r i z e d  as o r t h o t r o p i c .  T e n s o r i a l  i n v a r i a n t  
t h e o r y  i s  used t o  c r e a t e  an i n t e g r i t y  b a s i s  w i t h  i n v a r i -  
a n t s  t h a t  cor respond t o  p h y s i c a l  mechanisms r e l a t e d  t o  
f r a c t u r e .  T h i s  i n t e g r i t y  b a s i s  i s  then  used t o  con- 
N s t r u c t  a f a i l u r e  f u n c t i o n  p e r  u n i t  volume (or a rea )  o f  
~n m a t e r i a l .  I t  i s  assumed t h a t  t he  o v e r a l l  s t r e n g t h  o f  
I t h e  compos i te  i s  governed by  weakest l i n k  t h e o r y .  T h i s  
l eads  t o  a We ibu l l  t y p e  model s i m i l a r  i n  n a t u r e  t o  the  
p r i n c i p l e  o f  independent  a c t i o n  (PIA) model for  i s o -  
t r o p i c  m o n o l i t h i c  ceramics .  An exper imen ta l  program to  
o b t a i n  model parameters  i s  b r i e f l y  d i scussed .  I n  add i -  
t i o n ,  q u a l i t a t i v e  f e a t u r e s  o f  t h e  model a r e  i l l u s t r a t e d  
by p r e s e n t i n g  r e l i a b i l i t y  s u r f a c e s  f o r  v a r i o u s  model 





The p o t e n t i a l  advantages o f  ceramic m a t r i x  compos- 
i t e s  i n c l u d e  inc reased  f r a c t u r e  toughness as w e l l  as 
c reep  and c o r r o s i o n  r e s i s t a n c e  a t  v e r y  h i g h  s e r v i c e  tem- 
p e r a t u r e s .  The p r i m a r y  a p p l i c a t i o n s  under cons ide ra -  
t i o n  a r e  advanced t u r b i n e  eng ine  components, c u t t i n g  
tool b i t s ,  h e a t  exchangers and aerospace components 
( s p e c i f i c a l l y  those o f  t h e  n a t i o n a l  aerospace p l a n e ) .  
C o n s i d e r i n g  t h a t  these compos i tes  w i l l  be produced from 
n o n s t r a t e g i c  m a t e r i a l s ,  i t  i s  n o t  s u r p r i s i n g  t h a t  con- 
c e r t e d  research  e f f o r t s  a r e  underway b o t h  i n  t h e  f i e l d  
o f  m a t e r i a l s  sc ience  t o  advance p r o c e s s i n g  techn iques  
and i n  t h e  f i e l d  o f  e n g i n e e r i n g  mechanics t o  deve lop  
des ign  methodo log ies  fo r  these  m a t e r i a l  systems. 
The m a t e r i a l  system o f  i n t e r e s t  i n  t h i s  paper i s  
t h e  wh isker - toughened ceramic  m a t r i x  compos i te .  With 
t h i s  media t h e  r e l i a b i l i t y  a n a l y s i s  must account  f o r  
m a t e r i a l  symmetry imposed b y  wh iske r  o r i e n t a t i o n .  Duffy 
and A r n o l d  (1989) p resen ted  a macroscop ic  model t h a t  
accounted  fo r  t h e  t r a n s v e r s e l y  i s o t r o p i c  m a t e r i a l  symme- 
t r y  o f t e n  encountered  i n  ho t -p ressed and i n j e c t i o n  
under  Coopera t i ve  Agreement NCC3-81. 
*NASA Res iden t  Research Assoc ia te ;  work funded 
molded whisker- toughened ceramics .  A s i m i l a r  approach 
i s  used h e r e i n  t o  deve lop  a n o n i n t e r a c t i v e  r e l i a b i l i t y  
model f o r  a m a t e r i a l  w i t h  o r t h o t r o p i c  symmetry. Th is  
cont inuum approach exc ludes  any c o n s i d e r a t i o n  o f  the  
m i c r o s t r u c t u r a l  even ts  t h a t  i n v o l v e  i n t e r a c t i o n s  between 
i n d i v i d u a l  wh iske rs  and t h e  m a t r i x .  Other  a u t h o r s  have 
addressed f r a c t u r e  of ceramic  m a t r i x  composi tes on a 
more l o c a l  s c a l e .  Wetherho ld  (1989) deve loped a model 
based on p r o b a b i l i s t i c  p r i n c i p l e s  t o  compute an 
i nc reased  energy  a b s o r p t i o n  d u r i n g  f r a c t u r e  due t o  
wh isker  p u l l - o u t .  Faber and Evans (1983) have addressed 
t h e  process  o f  c r a c k  d e f l e c t i o n ,  and Lange (1970) has 
modeled c r a c k  p i n n i n g .  The l a t t e r  two approaches a re  
founded i n  d e t e r m i n i s t i c  f r a c t u r e  mechanics.  Knowing 
t h a t  these c r a c k  m i t i g a t i o n  processes s t r o n g l y  i n t e r a c t ,  
i t  i s  a seeming ly  i n t r a c t a b l e  t a s k  t o  e x p e r i m e n t a l l y  
d e t e c t  o r  a n a l y t i c a l l y  p r e d i c t  t h e  sequence o f  mecha- 
nisms l e a d i n g  t o  f a i l u r e .  A more f e a s i b l e  approach i s  
t he  cont inuum based c r i t e r i o n  whereby r e l i a b i l i t y  i s  
computed i n  terms o f  macrova r iab les .  
A s  p o i n t e d  o u t  by L e c k i e  (1981) ,  t h e  d i f f e rence  
between t h e  m a t e r i a l s  s c i e n t i s t  and t h e  eng ineer  i s  one 
of sca le .  He no tes  t h a t  t h e  m a t e r i a l s  s c i e n t i s t  i s  
i n t e r e s t e d  i n  mechanisms o f  f a i l u r e  a t  t h e  m i c r o s t r u c -  
t u r a l  l e v e l  and t h e  eng ineer  focuses  on t h i s  i s s u e  a t  
t he  component l e v e l .  We adop t  t h e  e n g i n e e r ' s  v i e w p o i n t  
and p resen t  a model o f  p r a c t i c a l  u t i l i t y  t h a t  macroscop- 
i c a l l y  cap tu res  t h e  p r o b a b i l i s t i c  f a i l u r e  phenomenon o f  
whisker- toughened ceramics .  T h i s  p o i n t  o f  v iew  i m p l i e s  
t h a t  t he  m a t e r i a l  e lement under c o n s i d e r a t i o n  i s  smal l  
enough t o  be homogeneous i n  s t r e s s  and tempera tu re ,  y e t  
l a r g e  enough t o  c o n t a i n  a s u f f i c i e n t  number of whiskers  
such t h a t  t h e  e lement  i s  a s t a t i s t i c a l l y  homogeneous 
cont inuum. T h i s  does n o t  i m p l y  t h a t  t h e  m i c r o s c o p i c  
and macroscop ic  l e v e l s  o f  f o c u s  a r e  m u t u a l l y  e x c l u s i v e .  
Indeed a c l o s e  r e l a t i o n s h i p  must e x i s t  between t h e  mate- 
r i a l s  s c i e n t i s t  and eng ineer  so as t o  deve lop  b e t t e r  
f a i l u r e  models.  
NONINTERACTIVE RELIABILITY MODEL 
Here we c o n s i d e r  a con t inuum t o  be a c h a i n  com- 
p r i s e d  o f  l i n k s  connected  i n  s e r i e s .  There fo re ,  t h e  
o v e r a l l  s t r e n g t h  o f  t h e  cont inuum i s  governed by  t h e  
s t r e n g t h  o f  i t s  weakest l i n k .  We f u r t h e r  assume t h a t  
1 
t h e  events  l e a d i n g  t o  f a i l u r e  o f  an i n d i v i d u a l  l i n k  a r e  
n o t  i n f l u e n c e d  by any o t h e r  l i n k  i n  t h e  c h a i n .  D e f i n i n g  
f as t h e  f a i l u r e  o f  an i n d i v i d u a l  l i n k ,  t h e n  
f = q A V ,  (1 )  
where AV denotes an inc rement  i n  volume and 9 i s  a 
f a i l u r e  f u n c t i o n  p e r  u n i t  volume of m a t e r i a l .  
r as the  r e l i a b i l i t y  o f  an i n d i v i d u a l  l i n k ,  t h e n  
Tak ing  
r = 1 - q AV . (2) 
I f  the  f a i l u r e  o f  an i n d i v i d u a l  l i n k  i s  cons ide red  a 
s t a t i s t i c a l  even t ,  and we assume these even ts  a r e  inde-  
pendent,  t hen  the  r e l i a b i l i t y  o f  t h e  cont inuum, denoted 
as R i s  
( 3 )  
Here * ( X i )  i s  t h e  f a i l u r e  f u n c t i o n  p e r  u n i t  volume a t  
p o s i t i o n  X i  w i t h i n  t h e  cont inuum. Lower case Roman 
l e t t e r  s u b s c r i p t s  denote  t e n s o r  i n d i c e s  w i t h  an i m p l i e d  
range from 1 t o  3 .  Greek l e t t e r  s u b s c r i p t s  a r e  assoc i -  
a t e d  w i t h  p r o d u c t s  or summations w i t h  ranges  t h a t  a r e  
e x p l i c i t  i n  each exp ress ion .  Adop t ing  an argument used 
by Cassen t i  (1984). t h e  r e l i a b i l i t y  o f  t h e  cont inuum i s  
g i v e n  by t h e  f o l l o w i n g  e x p r e s s i o n  
R = exp - q dV . IJv J ( 4 )  
For o r t h o t r o p i c  compos i tes  t h e  f a i l u r e  f u n c t i o n  must 
a l s o  r e f l e c t  t h e  a p p r o p r i a t e  m a t e r i a l  symmetry. T h i s  
r e q u i r e s  
q = q(ui j ,a. ,b i )  1 (5) 
where a i  and b i  a r e  u n i t  v e c t o r s  t h a t  i d e n t i f y  
l o c a l  m a t e r i a l  o r i e n t a t i o n s ,  and o i '  r e p r e s e n t s  t h e  
Cauchy s t r e s s  t e n s o r .  
i n  F i g .  1 .  
t h e i r  i n f l u e n c e  i s  t aken  th rough  t h e  p r o d u c t s  
and b i b j ,  i . e .  
These o r i e n t a 4 i o n s  a r e  d e p i c t e d  
The sense o f  a i  and b i  i s  i m m a t e r i a l .  t h u s  
a i a j  
( 6 )  
Note t h a t  a i a j  and b i b j  a r e  symmetr ic second o r d e r  
t e n s o r s  t h a t  s a t i s f y  t h e  i d e n t i  t i e s  
a j a i  = 1 ( 7 )  
and 
b i b i  E 1 ( 8 )  
Fur thermore ,  t h e  s t r e s s  and l o c a l  p r e f e r r e d  d i r e c t i o n s  
may v a r y  from p o i n t  t o  p o i n t  i n  t h e  cont inuum.  Thus, 
Eq. (6 )  i m p l i e s  t h a t  t h e  s t r e s s  f i e l d  and u n i t  v e c t o r  
f i e l d s ,  i . e .  u i j ( x k ) ,  a i ( x k )  and b i ( X k ) .  must be Spec- 
i f i e d  to d e f i n e  0 .  
A s  q i s  a s c a l a r  va lued  f u n c t i o n ,  i t  must remain  
form i n v a r i a n t  under a r b i t r a r y  p roper  o r thogona l  t r a n s -  
f o r m a t i o n s .  Work by Reiner  (1945).  R i v l i n  and Smi th  
(1969).  Spencer (1971) and o t h e r s  demonstrate t h a t  
t h rough  t h e  a p p l i c a t i o n  o f  t h e  Cay ley-Hami l ton  theorem 
and e lementary  p r o p e r t i e s  of t e n s o r s ,  a f i n i t e  s e t  o f  
i n v a r i a n t s  (as opposed to  t h e  work o f  Tsai  and Nu 
(1971). where an  I n f i n i t e  number o f  i n v a r i a n t s  a r e  
a l l owed)  known as an i n t e g r i t y  b a s i s  can be developed. 
Form i n v a r i a n c e  o f  q i s  ensured i f  dependence i s  taken 
on i n v a r i a n t s  t h a t  c o n s t i t u t e  t h e  i n t e g r i t y  b a s i s ,  or 
any subset  t h e r e o f .  Adap t ing  t h e  above ment ioned work 
t o  q r e s u l t s  i n  an i n t e g r i t y  b a s i s  composed o f  28 ten-  
sor p r o d u c t s .  F o l l o w i n g  arguments s i m i l a r  t o  Spencer 
(1984) seve ra l  of these tenso r  p roduc ts  a r e  equal  and 
o t h e r s  a r e  t r i v i a l  i d e n t i t i e s  such t h a t  t h e  f i n a l  i n t e g -  
r i t y  b a s i s  fo r  q c o n t a i n s  o n l y  the  i n v a r i a n t s  
11 = o i i  . (9) 
I 2  = o i j o j i  , (10) 
13 = UijUjkUki , ( 1 1 )  
I 4  = a i a j o j i  , (12 )  
I 5  = a j a j o j k o k i  , (13 )  
I 6  = b i b j o j i  (14)  
and 
A s l i g h t l y  d i f f e r e n t  s e t  o f  i n v a r i a n t s  t h a t  co r re -  
sponds t o  p h y s i c a l  mechanisms r e l a t e d  t o  f r a c t u r e  can be 
c o n s t r u c t e d  from t h e  above i n t e g r i t y  b a s i s .  T h i s  new 
s e t  o f  i n v a r i a n t s  i n c l u d e s  
. 
I1 = I4 , 
.. 
13 = , 
n 
I4 = [I7 - (I6+] 
and 
'4 - '6 l 5  = i1 - 
12 
12 
( 1 9 )  
(20 )  
C o n s i d e r i n g  a u n i f o r m l y  s t r e s s e d  volume, or i n  t he  
c o n t e x t  of We ibu l l  a n a l y s i s  a s i n g l e  l i n k ,  t h e  i n v a r i a n t  
I 1  cor responds t o  t h e  magnitude o f  t he  s t r e s s  component 
i n  t h e  d i r e c t i o n  o f  a i .  as shown i n  F i g .  1 .  I 2  
cor responds t o  t h e  shear s t r e s s  on t h e  f a c e  normal t o  
a i .  S i m i l a r  i n t e r p r e t a t i o n s  can be made for  i n v a r i a n t s  
13 and I 4  and t h e  d i r e c t i o n  b i .  I n v a r i a n t  I5  i s  
t h e  normal s t r e s s  i n  t h e  d i r e c t i o n  d e f i n e d  by t h e  c ross  




d. 1 = eijkajbk , (21)  
2 
where e i j k  i s  t he  p e r m u t a t i o n  t e n s o r .  A s  proposed, 
these p h y s i c a l  mechanisms a r e  independent  of I 2  and 
13. Tak ing  
( 2 2 )  
ensures '# i s  f o rm i n v a r i a n t .  
w i t h  11, I 3  and I s  do  n o t  c o n t r i b u t e  t o  f a i l u r e  so 
t h a t  
I t  i s  assumed t h a t  compressive s t r e s s e s  a s s o c i a t e d  
- A  . 
I -  - 
(24)  
and 
I n  a d d i t i o n ,  
and 
,. 
for  a l l  va lues  o f  I 2  and 
t h a t  t h e  s t r e s s  components 
above a c t  i ndependen t l y  (i 
i n  p roduc ing  f a i l u r e .  Fo l  
Wetherhold (1983),  t a k e  
= V4I  (27)  
- 
14. A t  t h i s  p o i n t  we assume 
i d e n t i f i e d  by  t h e  i n v a r i a n t s  
e . ,  a n o n i n t e r a c t i v e  t h e o r y )  
owing r e a s o n i n g  s i m i l a r  t o  
t h e  form 
I n s e r t i o n  of Eq. (28)  i n t o  t h e  volume i n t e g r a t i o n  g i v e n  
by Eq. ( 4 )  a long  w i t h  Eqs. (23 )  t o  (27)  y i e l d s  a r e l i a -  
b i l i t y  model f o r  a th ree -d imens iona l  s t a t e  o f  s t r e s s  i n  
an o r t h o t r o p i c  ceramic  compos i te .  T h i s  model i s  s i m i l a r  
i n  n a t u r e ,  yet  d i f f e r e n t  i n  form, to  t h e  P I A  t h e o r y  f o r  
m o n o l i t h i c  ceramics .  
I n  a s s o c i a t i o n  w i t h  each i n v a r i a n t ,  t h e  a's co r -  
respond t o  t h e  We ibu l l  shape parameters  and t h e  R ' s  
cor respond t o  We ibu l l  s c a l e  parameters .  A v a r i e t y  o f  
t e s t  methods c o u l d  be used t o  de te rm ine  t h e s e  model 
parameters .  One approach i s  t o  o b t a i n  t h e  r e q u i s i t e  
t e n s i l e  d a t a  from f a s t  f r a c t u r e  of s imp le  bend t e s t  
specimens, o f t e n  r e f e r r e d  t o  as modulus o f  r u p t u r e  (MOR) 
ba rs .  The parameters a1 and c o u l d  be o b t a i n e d  
f r o m  MOR ba r  t e s t s  conducted on specimens machined f r o m  
a b i l l e t  o f  h o t  p ressed whisker- toughened ceramics .  
These specimen:; would be o r i e n t e d  a long  m a t e r i a l  d i r e c -  
t i o n  a i .  shown as o r i e n t a t i o n  1 i n  F i g .  2 .  MOR ba r  
specimens mach.ined w i t h  o r i e n t a t i o n  2 ( i . e . ,  a l o n g  b i )  
c o u l d  be used t o  determine a3  and p3, and s i m i l a r l y ,  
o r i e n t a t i o n  3 would be used t o  de termine a5 and pg. 
The We ibu l l  parameters  assoc ia ted  w i t h  shear t r a c t i o n s  
across  a i  and b i  c o u l d  be o b t a i n e d  f r o m  shear t e s t s  
such as Ios iped;cu  t e s t s  (Wa l ra th  and Adam,  1983).  The 
parameters a2 and I32 c o u l d  be de termined f r o m  t h i s  
t ype  of t e s t  u r i n g  specimens w i t h  o r i e n t a t i o n  1 i n  
F i g .  2.  S im i ld r l y ,  t h e  f i n a l  two parameters ,  a4 and 
134, c o u l d  be o b t a i n e d  f r o m  shear t e s t s  conducted  on 
specimens w i t h  o r i e n t a t i o n  2 .  
( D u f f y  and A r n o l d ,  1989),  fo r  wh ich  t h r e e  s e t s  o f  
We ibu l l  parameters  a r e  necessary ,  t h e  o r t h o t r o p i c  model 
r e q u i r e s  f i v e .  However i t  shou ld  be no ted  he re  t h a t ,  as 
w i t h  m o n o l i t h i c  ceramics ,  i t  i s  q u i t e  p o s s i b l e  t h a t  t h e  
su r face  and volume o f  t h e  m a t e r i a l  w i l l  f a i l  due t o  d i s -  
t i n c t l y  d i f f e r e n t  f l a w  p o p u l a t i o n s .  
d i f f e r  f o r  s e v e r a l  reasons :  
d i f f e r e n t  due to t h e  f o r m a t i o n  o f  a r e a c t i o n  l a y e r ;  
subsur face  damage; and 
due t o  t h e  i n t e r s e c t i o n  o f  i n t e r n a l  f l a w s  w i t h  t h e  sur -  
f ace ,  t h e  presence o f  t h e  f r e e  s u r f a c e  w i l l  reduce the  
a p p l i e d  l o a d  necessary  f o r  f r a c t u r e .  
The su r face  would then have d i f f e r e n t  s e t s  o f  We ibu l l  
parameters t h a n  t h e  volume and Eq. ( 4 )  would a l s o  have 
t o  be i ndependen t l y  e v a l u a t e d  ove r  the  sur face  a rea .  
I n  comparison t o  t h e  t r a n s v e r s e l y  i s o t r o p i c  model 
These p o p u l a t i o n s  
( 1 )  t h e  a s - f i r e d  c o n d i t i o n  o f  t he  s u r f a c e  may be 
( 2 )  g r i n d i n g  w i l l  change t h e  s u r f a c e  and may impar t  
( 3 )  even i f  t h e  s u r f a c e  f l a w  d i s t r i b u t i o n  i s  s o l e l y  
IMPLICATIONS OF THE MODEL 
Subsequent t o  t h e  d e t e r m i n a t i o n  o f  t h e  We ibu l l  
parameters,  m u l t i a x i a l  exper iments  shou ld  be conducted 
t o  assess t h e  mode l ' s  accuracy .  One method i s  t e n s i o n  
and/or  t o r s i o n  l o a d i n g s  a p p l i e d  t o  t h i n - w a l l e d  tube  
specimens. The t h i n - w a l l e d  tube ensures homogeneous, 
b i a x i a l  s t a t e s  o f  s t r e s s .  The t u b u l a r  specimen would 
be h i g h l y  a p p r o p r i a t e  f o r  p l a n a r  a p p l i c a t i o n s  such as 
hea t  exchangers where one o f  t h e  m a t e r i a l  o r i e n t a t i o n s  
( r a d i a l )  can be i gno red .  U n f o r t u n a t e l y ,  a t  t h e  p resen t  
t ime  no  d a t a  base e x i s t s  t o  e s t i m a t e  model parameters ,  
a l t h o u g h  e f fo r t s  (Shaw and Bubsey, 1987) a r e  underway t o  
accompl ish  t h i s  g o a l .  Thus an assessment o f  t h e  model 
i n  comparison t o  exper imen ta l  d a t a  i s  r e s e r v e d  fo r  a 
l a t e r  da te ,  and f o r  t h e  examples t h a t  f o l l o w ,  model 
parameters  a r e  a r b i t r a r i l y  chosen f o r  t h e  purpose o f  
i 1 l u s t r a t i o n .  
The c a l c u l a t i o n s  f o r  t h e  r e l i a b i l i t y  con tou rs  shown 
h e r e i n  a r e  r e p r e s e n t a t i v e  o f  homogeneously s t r e s s e d  con- 
t i nuum e lements  ( o r  l i n k s )  o f  u n i t  volume. For  dimen- 
s i o n l e s s  R,  t h e  We ibu l l  parameter  has u n i t s  of  
s t r e s s  - ( v o l  ume ) 1 /a. Cons i d e r  t h e  mater  i a 1 symme t r y  
where a i  = (1.0.0) and b i  = (0 .1 .0 ) .  The u n i a x i a l  
l o a d i n g  
t h i s  o r i e n t a t i o n  y i e l d s  t h e  f o l l o w i n g  i n v a r i a n t s  f o r  '# 
011 # 0 (012 = 013 = 022 = 023 = 033 = 0) f o r  
,. 
I 1  = O11 
I 2  = I3 = I4 = Is I O  
(29 )  
(30 )  
3 
Hence Eq. ( 4 )  becomes 
(31 )  
Tak ing  011 = 131 i n  t h i s  exp ress ion  y i e l d s  R = 0.3679. 
Therefore,  any con tou r  R = 0.3679, i n  a s t r e s s  space 
c o n t a i n i n g  0 1 1 ,  y i e l d s  01 as t h e  i n t e r c e p t  a long  t h e  
a l l - a x i s .  Th i s  can be seen i n  F i g .  3 (a)  where t h i s  
r e l i a b i l i t y  con tou r  i s  p l o t t e d  i n  the  011-022 s t r e s s  
space, and 01 = 750. A l s o  n o t e  t h a t  t h e  i n t e r c e p t  
a long  t h e  ~ 2 2 - a x i s ,  which rep resen ts  a u n i a x i a l  l o a d i n g  
i n  t h e  d i r e c t i o n  b i ,  y i e l d s  t h e  We ibu l l  parameter 
03 = 500. I n  a s i m i l a r  f a s h i o n  the  pure  shear l o a d i n g  
013 f O(011  = 012 = 022 = 023 = 033 = 0) would y i e l d  
02 as an i n t e r c e p t  a long  t h e  q 3 - a x i s .  and 
023 o O ( 0 1 1  = 012 = 013 = 022 = 033 =.O) would y i e l d  
04 as an i n t e r c e p t  a long  t h e  q 3 - a x i s .  Th is  can be 
seen i n  F i g .  3 (b)  where R2 = 400 and 04  = 300. 
f aces  o f  R w i t h  t h e  011-022 s t r e s s  p l a n e  for  the  
p r e v i o u s l y  ment ioned m a t e r i a l  o r i e n t a t i o n .  Here 
a1 = 15. a3  = 10.5, and as be fo re ,  01 = 750 and 
03 = 500. The t h r e e  su r faces  cor respond t o  R = 0.95, 
0.50 and 0 .05 .  Note t h a t  a decrease i n  t h e  a ' s  
i nc reases  t h e  spac ing  o f  t h e  con tou rs  wh ich  i n d i c a t e s  a 
h i g h e r  s c a t t e r  i n  f r a c t u r e  s t r e n g t h .  T h i s  can be seen 
i n  F i g .  4 (b )  where 43 = 5. The spac ing  between con- 
t o u r s  i nc reases  i n  t h e  022 d i r e c t i o n ,  however t h e  con- 
t o u r s  i n  t h e  011 d i r e c t i o n  remain  unchanged because 
t h e r e  i s  no  v a r i a t i o n  i n  a1 or 01. I f  a3 had been 
inc reased ,  t h e  spac ing  between con tou rs  would d i m i n i s h ,  
and t h e  c o r n e r s  i n  t h e  f i r s t  quadrant  would sharpen. I n  
g e n e r a l ,  as t h e  a 's  inc rease ,  e v e n t u a l l y  t h e  r e l i a b i l -  
i t y  con tou rs  would n o t  be d i s t i n c t  f rom each o t h e r  and 
t h e y  would e f f e c t i v e l y  map a d e t e r m i n i s t i c  maximum 
s t r e s s  f a i l u r e  s u r f a c e .  
We n e x t  c o n s i d e r  the  e f f e c t s  o f  o f f - a x i s  ( r e l a t i v e  
t o  l o a d i n g )  m a t e r i a l  o r i e n t a t i o n .  F i g u r e  5(a) rep re -  
sen ts  l e v e l  su r faces  p r o j e c t e d  o n t o  t h e  011-033 s t r e s s  
p lane  f o r  t h e  m a t e r i a l  o r i e n t a t i o n  d e f i n e d  by 
a i  = (1,0,0) and b i  = ( O , O , l ) .  Here a1 = 15, 
I31 = 750, a3  = 10.5 and 03 = 500, and once aga in  t h r e e  
con tou rs  o f  r e l i a b i l i t y  a r e  d e p i c t e d :  R = 0 .95 ,  0.5 
and 0.05. R o t a t i o n  o f  t h e  m a t e r i a l  o r i e n t a t i o n  v e c t o r s  
such t h a t  a i  = ( l / J 2 , 0 , 1 / J 2 )  and b i  = ( -1 /J2 ,0 ,1 /JZ) ,  
for t h e  c o n d i t i o n s  i d e n t i c a l  t o  those a s s o c i a t e d  w i t h  
F i g .  S(a) r e s u l t s  i n  t h e  con tou rs  found  i n  F i g .  5 (b ) .  
Due t o  t h e  new m a t e r i a l  o r i e n t a t i o n ,  compressive compo- 
nen ts  o f  t h e  s t r e s s  tenso r  O i j  c o n t r i b u t e  t o  f a i l u r e .  
T h i s  does n o t  c o n t r a d i c t  t h e  assumpt ion  t h a t  compressive 
s t r e s s e s  a l o n g  the  m a t e r i a l  d i r e c t i o n  a i  ( i d e n t i f i e d  by  
11). and a l o n g  the  m a t e r i a l  d i r e c t i o n  b i  ( i d e n t i f i e d  by 
13) do  n o t  c o n t r i b u t e  t o  a r e d u c t i o n  i n  r e l i a b i l i t y .  I n  
t h i s  case 011 and 033 a r e  no  l o n g e r  c o i n c i d e n t  w i t h  
t h e  s t r e s s e s  assoc ia ted  w i t h  I 1  and 13. Expansion o f  
t h e  i n v a r i a n t s  demonstrates t h a t  compressive va lues  o f  
011 and 033 c o n t r i b u t e  t o  b o t h  I 2  and I 4  ( t h e  shear 
s t r e s s e s  ac ross  the  m a t e r i a l  o r i e n t a t i o n  v e c t o r s  a i  
and b i ,  r e s p e c t i v e l y )  and hence cause a r e d u c t i o n  i n  
r e l i a b i l i t y .  
F i g u r e  6 t a )  rep resen ts  l e v e l  surfaces o f  r e l i a b i l -  
i t y  p r o j e c t e d  o n t o  013-011 s t r e s s  p lane .  Here a u n i -  
a x i a l  compressive s t r e s s  ( 0 1 1 )  m a i n t a i n s  a r e l i a b i l i t y  
o f  u n i t y  and t h e  con tou rs  a r e  symmetr ic w i t h  r e s p e c t  t o  
the  011-ax is .  Th i s  r e s u l t s  from t h e  assumpt ions  asso- 
c i a t e d  w i t h  Eqs. (23 ) .  (26)  and (27 ) .  R o t a t i o n  o f  t h e  
m a t e r i a l  o r i e n t a t i o n  such t h a t  a i  = ( l / J2 ,0 ,1 /J2 )  and 
F i g u r e  4 ( a )  d e p i c t s  t h e  i n t e r s e c t i o n  o f  l e v e l  su r -  
A 
b i  = (-1/J2,0,1/J2) r e s u l t s  i n  t h e  con tou rs  found i n  
F i g .  6 ( b ) .  Because the  con tou rs  a r e  c l o s e d ,  any s t a t e  
o f  s t r e s s  t h a t  has nonzero 0 1 1  07 013 components 
would r e s u l t  i n  a nonzero p r o b a b i l i t y  o f  f a i l u r e .  
CONCLUDING REMARKS 
I n  t h i s  paper we have deve loped a r e l i a b i l i t y  model 
f o r  whisker- toughened ceramic compos i tes  w i t h  o r t h o -  
t r o p i c  m a t e r i a l  symmetry. The model was c o n s t r u c t e d  i n  
a r a t i o n a l  manner u s i n g  an i n v a r i a n t  f o r m u l a t i o n .  Such 
an approach i n d i c a t e s  the  maximum number and form o f  
t h e  s t r e s s  i n v a r i a n t s  necessary  i n  d e f i n i n g  t h e  f a i l u r e  
f u n c t i o n  9 .  A subset  o f  t h e  i n t e g r i t y  b a s i s  for  9 
was c o n s t r u c t e d  w i t h  i n v a r i a n t s  t h a t  cor respond t o  the  
macrova r iab les  assumed t o  be d i r e c t l y  r e l a t e d  t o  f r a c -  
t u r e .  The wh iske rs  i n  each cont inuum e lement  w e r e  
assumed to  be d i s t r i b u t e d  i n  such a manner t h a t  t h r e e  
o r thogona l  m a t e r i a l  o r i e n t a t i o n s  c o u l d  be i d e n t i f i e d .  
These m a t e r i a l  o r i e n t a t i o n s  a r e  n o t  r e s t r i c t e d  t o  be 
t h e  same a t  each p o i n t  i n  t h e  cont inuum and c o u l d  v a r y  
a l o n g  a f a m i l y  of curves  w i t h i n  a component. Thus the  
m a t e r i a l  i s  l o c a l l y  o r t h o t r o p i c  w i t h  r e s p e c t  t o  t h e  
l o c a l  m a t e r i a l  o r i e n t a t i o n  o f  each element ( o r  l i n k )  o f  
t h e  component. T h i s  o f fers  f l e x i b i l i t y  when mode l ing  a 
component by a f i n i t e  element method. 
R e l a t i v e  t o  conduc t ing  exper iments  t o  determine 
model parameters ,  i t  was p o i n t e d  o u t  t h a t  w h i l e  t u b u l a r  
specimens y i e l d  homogeneous s t a t e s  o f  s t r e s s ,  n o t  a l l  o f  
the  parameters  c o u l d  be found.  However a comb ina t ion  
o f  MOR and shear t e s t s  would y i e l d  a l l  t h e  parameters .  
Fu r the rmore ,  seve ra l  f i g u r e s  were p resen ted  t h a t  
d e p i c t e d  r e l i a b i l i t y  c o n t c u r s  under d i f f e r e n t  l o a d i n g  
c o n d i t i o n s .  These f i g u r e s  p o i n t  t o  b e h a v i o r  t h a t  
r e q u i r e s  v e r i f i c a t i o n  i n  m u l t i a x i a l  exper iments .  Hence, 
a s i g n i f i c a n t  amount o f  exper imen ta l  d a t a  must be gener- 
a t e d  b e f o r e  a f i n a l  assessment o f  t h e  t h e o r y  can be 
made. 
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FIGURE 1. - PHYSICAL INTERPRETATIONS OF INVARIANTS 
CORRESPONDING TO FRACTURE MECHANISMS. 
POSSIBLE MATERIAL ORIENTATIONS 
FIGURE 2.  - ORIENTATIONS OF SPECIMENS FOR MOR BAR AND SHEAR 













R = .3679 
I 
(111, R A  
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FIGURE 4. - FAMILIES OF RELIABILITY CONTOURS DEPICTING 
MATERIAL DIRECTIONS ARE THE WE AS IN FIGURE 3 WITH 
THE EFFECT OF REDUCING THE WEIBULL SHAPE PARMTER a3. 
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(B) RATERIAL DIRECTIONS ai AND bi ROTATED 45' IN THE 
1-3 PLANE. 
3 
FIGURE 5. - LEVEL SURFACES OF RELIABILITY ILLUSTRATING 
WEIBULL PARAMETERS FOR INVARIANTS 7, AND 7, 
THE RESULT OF OFF-AXIS LOADING IN A NORMAL STRESS 
SPACE. 
ARE THE SAME AS IN FIGURE 3a, ALONG WITH a2 = 12, 
p2 = 400. a,, = 10 AND B4 = 300. 
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(B) MATERIAL DIRECTIONS ROTATED 45' IN THE 1-3 PLANE. 
FIGURE 6. - FAMILIES OF RELIABILITY CONTOURS COMPARING 
ON- AND OFF-AXIS ORIENTATIONS OF THE MATERIAL DIREC- 
TIONS ai AND bi IN THE 011-33 STRESS SPACE. THE WEI- 
BULL PARAMETERS FOR i1,7*, AND i, ARE THE SAME AS 
IN FIGURE 5 .  
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